DEFORMATIONS OF LAGRANGIAN SUBVARIETIES OF 
HOLOMORPHIC SYMPLECTIC MANIFOLDS 

CHRISTIAN LEHN 

Abstract. We generalize Voisin's theorem on deformations of pairs 
of a symplectic manifold and a Lagrangian submanifold to the case of 
Lagrangian simple normal crossing subvarieties. We apply our results 
to the study of singular fibers of Lagrangian fibrations. 
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Introduction 

In [Vo92] Voisin studied deformations of pairs Y d X where X is an irre- 
ducible symplectic manifold and Y a complex Lagrangian submanifold. She 
showed that, roughly speaking, deformations of X where Y stays a complex 
submanifold are exactly those deformations, where Y stays Lagrangian. 
We generalize Voisin's results to Lagrangian subvarieties with simple normal 
crossings. 

Let M be the germ of the universal deformation space of X and denote by vr : 
X — > M the universal family. By the Bogomolov-Tian-Todorov theorem, see 
[Bog78, Tia87, Tod89], we know that M is smooth. If the representative M 
is chosen simply connected, there is a canonical isomorphism a : R'^it^:Cx — > 
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H^{X, C) with the constant local system. Let uj G R^tt^Cx Om be a class 
restricting to a symplectic form on the fibers of vr. For a subvariety i '.Y X 
denote by Mi the germ of the universal deformation space for locally trivial 
deformations i and by p : Mi — > M the forgetful map. Then we have 

Theorem 5.3. Let i -.Y ^ X he a simple normal crossing Lagrangian sub- 
variety in a compact irreducible symplectic manifold X , let v -.Y — > Y be 
the normalization and denote j = io i/. Consider the germs of the complex 
subspaces 

My ■■= im(p : Mi M) and M{. := {t e M : j*a{ujt) = 0} 
of M. Then My = My and this space is smooth of codimension 

codimM My = codimM My = rk (j* : H^{X, C) H^{Y, C)) 

in M. 

Many of the intermediate steps in the proof of Theorem 5.3 are essentially 
as in [Vo92] , but for the smoothness of My we have to argue differently. For 
this, we develop ideas of Ran [Ra92Lif| , [Ra92Def] by exploiting the interplay 
between deformation theory and Hodge theory. The necessary tools to apply 
Hodge theoretical arguments over an Artinian base are developed in [Lcl2]. 
As in [Vo92], we deduce the following 

Corollary 5.4. Let K := ker (^j* : H'^{X,C) H^{Y,C)), let q be the 
Beauville-Bogomolov quadratic form and consider the period domain 

Q := {q G F{H^{X, C)) | q{a) = 0, q{a + a) > 0} 

of X . Then the period map p : M — > Q identifies My with ¥{K)nQ locally 
at [X] £ M. 

Let us spend some words about the structure of this article. In section 1 
we recall the definition of locally trivial deformations. After recalling some 
facts about M and defining certain subspaces in section 2, we explain and 
adapt Voisin's results from [Vo92] in section 3. The spaces Mi and My from 
Theorem 5.3 are treated in section 4. We develop Ran's ideas and explain 
the -lifting principle to proof smoothness of Mi in case Y has simple 
normal crossings. Then, a variant of this principle enables us to deduce that 
the canonical map p : Mi — > M has constant rank in a neigbourhood of the 
distinguished points, which implies the smoothness of My. 
Furthermore, the projectivity of arbitrary Lagrangian subvarieties of an ir- 
reducible symplectic manifold is shown, see Corollary 4.5. This is used to 



DEFORMATIONS OF LAGRANGIAN SUBVARIETIES 



3 



apply results from [Lcl2], but is also interesting in its own right. Again, the 
statement was known to Voisin in the smooth case. 

Section 5 is finally puts together all previous theory to proof Theorem 5.3. 
We give applications to Lagrangian fibrations in section 6. Our results can be 
applied to most types of the general singular fibers of a Lagrangian fibration 
in the sense of Hwang-Oguiso [HO09]. 

The restriction to normal crossings comes from Proposition 4.10. The sheaf 
determined there can be related to Hodge theory if Y has normal cross- 
ings. This is not only a technical condition, as easy examples already show. 

Notations and conventions 

We denote by a field of characteristic zero. For a ring R we write R[e] := 
R[x]/x'^ where e := x mod (x^). Set is the category of sets. 
The term algebraic variety will stand for a separated reduced A;-scheme of 
finite type. In particular, a variety may have several irreducible components. 
Similarly, a complex variety will be a separated reduced complex space. If 
there is no danger of confusion, we will drop the adjectives algebraic respec- 
tively complex. For an Artin ring R we do not distinguish between a quasi- 
coherent sheaf on S = Spec R and its i?-module of global sections. A variety 
Y of equidimension n is called a normal crossing variety if for every closed 
point y GY there is an r G No such that OY,y = k[[yi, ■ ■ ■ , yn+i]]/(yi •• • ■■yr)- 
It is called a simple normal crossing variety if in addition every irreducible 
component is nonsingular. For a regular function or, more generally, a sec- 
tion / of a coherent sheaf on a scheme X, we denote by V{f) subscheme 
defined by the vanishing of /. 

Let X be a scheme of finite type over C. We write X^^ for the complex 
space associated to X. For a quasi-coherent Ox-module F we denote by 
F^^ the associated C'x='"-module ip*F where ip : X^^ — > X is the canonical 
morphism of ringed spaces. 
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1. Preliminaries 

We recall basic definitions and results from deformation theory in the sense 
of Schlessinger [Sch68]. A detailed exposition is given in [Scr06], where most 
proofs of our statements are found or obtained by easy variations. 

1.1. Setup. Let A: be a fixed algebraically closed field. By Art^ we denote 
the category of local Artinian fc-algebras with residue field k. The maximal 
ideal of an element R G Art^ will be denoted by m. We write Art^ for 
the category of local noetherian A;- algebras with residue field k, which are 
complete with respect to the m-adic topology. A small extension in Art^ is 
an exact sequence 

J ^ R' ^ R ^ 0, 

where R' — > R is a surjection in Avtk and m'.J = for the maximal ideal 
m' of R' . Because of this condition, the ii'-module structure on J factors 
through R'/m' = R/m = k. 

Definition 1.2. A deformation functor or functor of Artin rings is a functor 
D : Art^. — > Set with D{k) = {*}. The set to = D{k[£]) is called the tangent 
space D. A deformation functor D is said to be prorepresentable if there is 
a complete local noetherian A;-algebra R G Art^, such that D = Homfc(i?, •). 

Definition 1.3. If D : Art^ — > Set is a deformation functor, R' — > i? is a 
morphism in Art/- and r/ G D{R) then we will write 

D{R')r, := if-Hv) C D{R') 

where if : D{R') — > D{R) is the map induced by R' — > R. 

1.4. Curvilinear extensions. One can test smoothness by using only so- 
called curvilinear extensions. Namely, let i? be a complete local noetherian 
fe-algebra with maximal ideal m and An := k[t\/t'^'^^. Suppose R has the 
following lifting property for all n G N: 

(1.1) A„+i 

R- ^An 

That is, for every /c-algebra homomorphism R — > An there is a A:- algebra 
homomorphism R — > An+i making (1.1) commutative. In this case we say 
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that R has the curvilinear lifting property. The following lemma is well- 
known, see [Lcll, Lem 1.1.6] for a proof. 

Lemma 1.5. If i? has the curvilinear lifting property, then i? is a smooth 
fe-algebra. □ 

1.6. Deformations of schemes. Let X be an algebraic fe-scheme. The 
functor 

Dx ■ Artfc — > Set, R i— J- {deformations of X over S = Speci?} / ~ 

where ~ is the relation of isomorphism, is called functor of deformations of 
X. It is proven as Corollary 2.6.4 in [Ser06] that for a smooth and projective 
A;-scheme X with H^{X,Tx) = 0, the functor Dx is prorepresentable. The 
proof there works for proper X as well. 

Let g : X — > S he a deformation of X over S = Spec R. We put 
(1-2) T^/^ := T':=T'x/k = HHX,Tx). 

As S is afhne, R^g*Tx/s — H^{X ,Tx/s)- By using the representation as 
a Cech-l-cocyle, one constructs a map T^^j^ — > Dx{R[£])x and similar to 
[Ser06, Thm 2.4.1] one shows the following 

Lemma 1.7. Let — > J — > R' — > R — > be a small extension in Art^.. 
Assume that X is smooth over k. Then there is a natural isomorphism 
tox- Moreover, the following holds. Let X' — > S" be a deformation 
of X over S' = Speci?' such that X' y^s' S = X. Then the map T^i^ — > 
Dx{R[s\)x is a bijection and the diagram 

rpl rp\ 

^X' IB! ^XjR 



Dx(Rl\e\)x' Dx{R\e\)x 

is commutative, where we obtain T^//^/ — > '^x/R ^PPlyii^g R^g* to the 
natural map Tx' / s' — ^ ^A" / S" • 

We call Tj^ij^ a relative tangent space of Dx- 

1.8. Deformations of morphisms. Let i : Y — > X be a morphism of 
algebraic /c-schemes, let R £ Artfc and S = Speci?, and let i : 3^ — > X be 
a deformation of i over S. It is called (Zariski) locally trivial if for every 
X £ X , y £ Y with i{y) = x there are open subsets U C X , V C Y with 
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y € V , i{V) C U and an isomorphism 




X\if Xfc S 



In other words, / : y 
The functor 



j|^Xfeid 



Y\v Xfc S 

X induces the trivial deformation on V and U . 



of : Artfc — > Set, R i— )• {locally trivial deformations of i over 5} / ~ 

where ~ is the relation of isomorphism, is called the functor of locally trivial 
deformations of i. 

1.9. Sheaves controlling the deformations of a closed immersion. 

Let i : Y ^ X he a closed immersion of algebraic A:-schemes and suppose that 
X is smooth and proper and y is a reduced locally complete intersection. 
Let R € Artfc, let 5 = Speci? and let 

(L3) y^^x 



S 



be a deformation of i. Let I be the ideal sheaf ofy in X. By the hypothesis 
on Y, the sheaf X/X^ is locally free and we have an exact sequence of sheaves 
on 3^ 

dy 




(L4) 



N- 



^y/s 



0, 



where A'^- 



y/x 



Hom(X/X^, Oj;). The sheaf Ty^^ := cokerd^ is supported 



on the singular locus of y — > S. The equisingular normal sheaf is defined 



as 



(1-5) 



N'y/x ■■- 



^y/s 



)• 



We define the sheaf Tj as the preimage of Ty/g under the natural map 



x/s 
(L6) 



Oy and obtain the exact sequence of sheaves on X 







Ti 



'-x/s 



%ix 



0. 



The sheaf T/ is the relative version of the corresponding sheaf from [Ser06, 
3.4.4]. It controls locally trivial deformations of a closed immersion in the 
sense of Lemma 1.10 below. 
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In [Scr06, Rem 3.4.18] it is shown that the functor Df is prorepresentable 
if X and Y are projective, X is smooth and H^{X,Ti) = . As in the 
case of deformations of schemes, the proof carries over to proper schemes. 
Take R £ Art^, let i : y be a closed immersion of proper algebraic k- 
schemes, where y is a reduced locally complete intersection and X is smooth 
over k. Let 

(1.7) y^^^x 

9 

S 

be a locally trivial deformation of i over S = Speci?. As for deformations 
of schemes we introduce relative tangent spaces 

(1.8) := R'g^Tj, T' := = H\X,T,). 

One constructs a natural map Tj^j^ — > Di{R[£])i, where Di{R[e])i is the 
fiber over / in the sense of Definition 1.3, similar as for deformations of 
schemes. As a straightforward generalization of [Scr06, Prop 3.4.17] we 
obtain 

Lemma 1.10. Let — > J — > R' — ?■ R — > be a small extension in Art^ 
and let i : Y ^ X he a closed immersion of proper algebraic /c-schemes 
where y is a reduced locally complete intersection and X is smooth over k. 
Then there is a natural isomorphism t^-. Moreover, the following 

holds. Let I be as in (1.7), let /' : y' ^ X' he a, locally trivial deformation 
of i over R' such that I' Xgi S = I where S' = Spec-R'. Then the map 
Tjj^ — > Di{R[e\)i is a bijection and the diagram 

rpl rp\ 

" \ 

Di{R'[e])r D,{R[e])i 

is commutative, where we obtain Tj, — > '^j/R by applying R^g^t to the 
natural map T// — > Tj. 

Remark 1.11. The deformation functors Di and Dx have their natural ana- 
logues in the category of complex spaces. Local triviality is defined using 
Euclidean instead of Zariski open sets. The functor X i— t- X^'^ induces a nat- 
ural transformation between deformation functors in both categories. It is 
shown in [Loll, Lemma 1.5.1] that this is an isomorphism of functors, which 
essentially follows from the fact that the functors have the same tangent and 
obstruction spaces. 
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2. Deformations of irreducible symplectic manifolds 

Let X be an irreducible symplectic manifold, that is, a compact, simply 
connected Kahler manifold such that H^{X,Q\) = Ccr for a symplectic 
form a. In this section we review the universal deformation space M of X 
and discuss certain subspaces. As H^{X,Tx) = for irreducible symplectic 
manifolds, the Kuranishi family tt : X — > M of X is universal at the point 
E M corresponding to X. Close to S M the fibers of tt are again 
irreducible symplectic manifolds, see [Bca83, § 8]. M is known to be smooth 
by the Bogomolov-Tian-Todorov theorem [Bog78, Tia87, Tod89], see also 
[GHJ, Thm 14.10] for an introduction. 

2.1. Hodge bundles and the Gaufi-Manin connection. Consider the 
vector bundle on M given by 

It is filtered by subbundles J^^JT'^ of JT'^ with fiber {^pj^'')^ = FPH''{Xt) 
at i G M, the Hodge filtration on H^{Xt). We define the bundles 

The fiber of ^P'"? at t G M is canonically identified with Hi{Xu There 
is a local system := I&'kJC^-^ ^ M'^ and the associated flat connection 
V : M'^ — > .M'^ ® is called the Gaufi-Manin connection. It fulfills the 
so-called Griffiths transversality V {^p.^'') C ^p-^JT'^OOm- Therefore, 
it induces morphisms Vp : Gr^^'^ — > Gi^^Jif^^QM between the graded 
objects of the filtration. These maps are OAf-linear and therefore corre- 
sponds to a map Vp : Gr^jr'^ Hom(rA/,Gr^^^'=). By a theorem of 
Griffiths its fiber at the point t £ M can be identified with the map 

(2.1) H'^-PiXt,nP^J-^Rom[H\Xt,Tx,),H''-P-\Xt,nP,j) 

given by cup-product and contraction. 

2.2. Hodge loci. Let (3 G H^{X,C) be a cohomology class of type {p,q) 
with respect to the Hodge decomposition H^{X,C) = 0^+^=^ -ff^''^(-^)• 
Suppose that M is simply connected. Then the local system is trivial 
and /3 extends to a global section of J^^, that is, a flat section of J^^, which 
we also denot by /3. We write f3t for its fiber at t. The following definition 
and some basic properties can be found in [Vo2, Ch 5.3]. 

Definition 2.3. The Hodge locus associated to /3 is the complex subspace 
^ M defined by the vanishing of the induced section 
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So the Hodge locus is the locus of ah t G M, where A G FPH^{Xt). If 
(3 is an integral or at least real cohomology class of Hodge type {p,p), then 

(2.2) = {teM\(3te HP'P{Xt)} 

as /3 is fixed under complex conjugation and F^H'^P^Xt) H FPH'^P{Xt) = 

2.4. Subspaces of M associated with Lagrangian subvarieties. Let 

i : Y ^ X he the inclusion of a Lagrangian subvariety in an irreducible 
symplectic manifold X of dimension 2n. Let M be a simply connected 
representative of the universal deformation space of X, let G M be the 
point corresponding to X and let vr : X — > M be the universal family. 
Following Voisin [Vo92], we define three subspaces of M associated to Y. 
We take a relative symplectic form w G R^tt^Q'^^^^ ^ R'^tt^Cx Om and 
write (jJt := w|xt for the symplectic form on the fiber Xt = 7r~^(t). If the 
representative M is chosen simply connected, there is a canonical isomor- 
phism a : R'^tt^Cx — > H^{X, C) with the constant local system. We denote 
hy V -.Y — > Y a resolution of singularities and by j = iov the composition. 

Definition 2.5. We define My ■= V{j*a{Lo)). In other words, 

(2.3) = |t G M I j*a{uJt) = in H'^{Y,C)^ . 

The Lagrange property of Y implies G My. Clearly, this definition is 
independent of the resolution : Y — > Y. 

If [Y] G H'^^{X, Z) denotes the Poincare dual of the fundamental cycle of Y, 
we write for the map H'^{X,C) — > f/'^+^"'(X, C) given by cup product 
with [y] . This map is a morphism of Hodge structures and can be factored 
as 

fio : H^{X, C) ^ H\Y, C) ^ H^+^'\X, C). 

By lifting [Y] to a flat section of J^^, we can extend //q to a map /i : — >• 
j^2+2n^ Consider the section /iow G H^{M, ^+^"') where uj is the relative 
symplectic form. 

Definition 2.6. We put M'yj := V{iioijj). In other words, 

(2.4) M'yj = {t G M I /x(L^t) = 0} = {t G M I [Y]t U tJ* = 0} . 
The Lagrange property ensures that G M'yy^ . 

Finally, we denote by Mjyj the Hodge locus associated to the class \Y] of 
Y in //^"(X, C), see section 2.2. As \Y] is integral and of type {n,n), its 
Hodge locus is set-theoretically given by 

(2.5) M[Y] = {t G M I [Y]t G F"''^(Xt)} , 
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where as above \Y]t is the restriction to the fiber over t of the unique flat 
section of J^'^^ extending [Y]. In particular, we have G M^y]- 

Remark 2.7. Observe that the spaces My, Af['y] ^[Y] be defined for 
arbitrary subvarieties Y^X. Singularities do not cause any harm, as Mjyj 
and M[y] only depend on the class [Y] and My is defined via a resolution of 
singularities. As we are only interested in the germs at of these subspaces, 
we may and will assume that My, M'yj and M[y] are connected. 
Let us collect some simple observations on the relation among the spaces 
M(., M'p^^ and M[y]. As fi = we have M{. C M'^^y UY = UiYi is a 
decomposition into irreducible components, then My = DiMy, as a direct 
consequence of the definitions. Moreover, the inclusions -/Vf'yj D rijM'y j and 
M[y] D rijMjy,] are immediate. 

3. Voisin's results adapted 

Essentially everything in this section is taken from [Vo92], but with some 
slight modifications to our situation. So unless the contrary is explicitly 
stated, all results presented are Voisin's. We will freely use the notations of 
section 2. 

Proposition 3.1. Mjyj = M'[y] as sets. 

Proof. We first show M'jyj C Mjyj. We write [Y]t = T.p+q=2n[^]t''' with 
respect to the Hodge decomposition at t G -^['yj- We want to show that 
[Y]t = [y]"'"- As [Y] is integral, we have [Y]^''^ = [Y]f^ and so it suffices to 
show that = for p < n. As ut is of type (2, 0) on Xt the assumption 

^i{iOt) = gives ujt U [y]f ^ = for all p, q. But io^U : f^^^;^ is 
an isomorphism for A; > 0, which can be seen pointwise by linear algebra. 
Hence the map w^U is injective for p < n, which yields that [y]f = for 
p < n, as needed. 

For the inclusion M[y] C M'jyj it suffices to show that Mjyj n M'[y] is non- 
empty and open in M[y] as it is automatically closed and we may assume that 
M[y] is connected, see Remark 2.7. This is the only point where we use that 
Y is Lagrangian, namely for the nonemptiness. For t £ M^y] the morphism 
/i : H'^{Xt,C) — > C) is a morphism of Hodge structures of degree 

(n, n) and hence gives morphisms fjP''^ : Jif^''^ — > ^^+"'9+" for p + q = 2. 
By semi-continuity they satisfy rk^P''?(t') > rk/x^'''(t) for all t' in a small 
neighborhood [/oft. As ^ = fj?'^ fJ^^'^ ® /U^'^ as a C°°-morphism on U, the 
rank of the summands remains constant in t. So as for t = £ M^y] 1^ M'[Y] 
we have fj?'^ = = fjP''^ this remains true in a neigbourhood and so the 
claim follows. □ 
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Proposition 3.2. The varieties M^y] and M'^y] are smooth near t = 
and their codimension in M is rjyj = rk : H'^{X, C) — > C)) . In 

particular, Mjyj = M'^yj as varieties by the preceding proposition. 

Proof. We argue only for M'jyj, the case of Mjyj is similar. Consider the 
sheaf Jf/j, := C As ^ is defined on the level of local systems 

its rank is locally constant, so this is a vector bundle of rank rjyj. The 
variety M'jyj is defined by the vanishing of the section G J^, hence 
codimM'[y] < rjy]. So it suffices to show that the rank of the system of 
equations /^(a;) = is equal to r[y]. Recall that the Gaufi-Manin connection 
is given by the differential d if we trivialize with flat sections. This implies 
that for /i to have rank rjyj at 0, the classes V ^^{^^{ojq)) for x ^ 2^A/,o = 
H^{X,Tx) have to span a vector space of dimension rjyj. 
We have V^{fj,{u)t)) = fJ-C^x^t) ^y (2.1) the Gaufi-Manin connection V : 
^^jf'a Hom(rM,=^^^V=^^^^) at t is identified with the morphism 

given by the cup product and contraction. As is non-degenerate and of 
type (2, 0) the V^uJt span the whole of at t = . □ 

Lemma 3.3. The tangent space of My at is given by 

(3.1) Tm^^q = ker (j* o : H\X,Tx) ^ H\X,Qx) ^ H\Y ,^y)) 

where uj' is the isomorphism induced by the symplectic form on X. 

Proof. Locally at G M the space My is cut out by the equation jlujt = 0. 
Therefore the tangent space at is given by the equation 

{) = {Vjlu:t)\t=o=f {y^t)\t=o- 
The Gaufi-Manin conection at can be identified with the map 

H^{X,n\) Hom(F^(X,Tx),i^^(X,l^x)), {u^ ^(^i)) 

given by cup product and contraction, which concludes the proof. □ 

Lemma 3.4. Let X be an irreducible symplectic manifold of dimension 
dimX = 2n. Let y C X be an irreducible Lagrangian subvariety, let 
V : Y — > Y a resolution of singularities and put j = io u. Then 

ker (/i : H^{X,C) i?^"+^(X,C)) = ker (^j* : H^{X,C) ^ H^{Y,C)) ■ 

Proof. We show equality of the respective kernels with real coefficients. 
From fi = we immediately have kerj* C ker/i. For the other inclu- 
sion we choose a Kahler class k £ {X, M) . We have to show that is 
injective on imj*. 
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Assume n = 1. As y is connected, H'^{Y,C) = C and the map : 
H'^{Y,C) H^{X,C) is given by 1 [Y]. As X is Kahler, [Y] ^ 0. 
So is injective and the claim follows. 

If n > 2, choose a Kahler class k G i7^(X,M). For each Y' — > Y with 
non-singular Y' the induced map H'^{Y,C) — > H'^{Y',C) is injective, see 
for example [BHPV, Chapter I, Topology and Algebra 1., (1.2) Corollary, 
p. 11]. Every resolution is dominated by a resolution Y' — > Y fitting into a 
diagram 

Y ^ y'c ^ X' 




yc ^ X 

where X' is obtained by a sequence of blow-ups of X in smooth centers. 
Thus, we may assume that y = y' is such a resolution. Hence there is a 
Kahler class of the form k = j*K — Y^- 5iEi G i7^(y,M) where the Ei are 
exceptional divisors and 5j G Q are positive. We define a bilinear form 

g(a,/3) := K"-2.a./3 a,p£H^{Y,C) 

on if2(y,C). For a,^ G H^{X,R) this gives 

g(r«,r/3)= / K"-2.r(a./3) = / (^"-^./(a./?)) 

Jx Jx 

= f /i(K"-2).a./3 = / K''-^.ij{a).p. 
Jx Jx 

Here we used that ji^Ei = or equivalently = kL) [Y] = /^(k). From 
the calculation we see that if /i(a) = 0, then qij*a, j* (3) = for all f3 G 
H'^{X,M.). To conclude that j*a = it would be sufficient to see that q 
is non-degenerate on imj* C ff^(y,M). On the whole of i7^(y,M) the 
form q is non-degenerate by the Hodge index theorem, see [Vol, Thm 6.33]. 
Here we need that k is a Kahler class. That q remains non-degenerate 
on the subspace imj* can also be deduced as follows. As we have seen 
imj* C H^'\Y,R) := H^'^^iY) n H^(Y,R) and on H^'\Y,R) the form q is 
non degenerate and has signature (1, — We know that q{j*K,,j*K) > 
and so q is negative definite on Write j*a = c ■ j*K + a' where 

a' G The decomposition shows that a' G imj* as well. Then if 

j*a 7^ at least one of the numbers q{j*Oi, j* k.), q{j*a,a') is nonzero and 
so /i(a) 7^ completing the proof. □ 
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Corollary 3.5. Let X be an irreducible symplectic manifold, let y C X 
be an irreducible Lagrangian subvariety with normal crossing singularities. 
Then we have Afjyj = My. In particular, My is smooth at 0. 

Proof. We observed that My C A/'yj in Remark 2.7. As M'yj is smooth by 
Proposition 3.2 it suffices to show that My D M'yj holds set-theoretically. 
By definition t G Mj'yj if oot U [Y]t = and t G M(. if j'^ojt = 0. But 
ujt U \Y]t = if and only if j^^t = by Lemma 3.4. □ 



4. Deformations of Lagrangian subvarieties 

Let X be an irreducible symplectic manifold and let i : Y ^ X he the 
inclusion of a Lagrangian simple normal crossing subvariety. In this section, 
we will proof smoothness of the space Mj of locally trivial deformations 
of i and the statement about factorisation of p : Mi — > M made in the 
introduction. 

The proofs are elaborations of Ran's ideas [Ra92Lif], [Ra92Def| and the 
method is related to the T^-lifting principle. These smoothness results play 
an important role in the proof of our main result. Theorem 5.3. Sections 4 
and 5 rely heavily on results of [Lcl2], where the Hodge theory for locally 
trivial deformations of normal crossing varieties was studied. In particular, 
we would like to recall the following definition. 

Definition 4.1. Let R £ Art^ and let / : 3^ — > S = Speci? be a locally 
trivial deformation of a /c- variety Y. We define Ty^^ C ^y/g to be the 
subsheaf of sections whose support is contained in the singular locus of /. 
We put n^/s := O^/^/r^/g. 

4.2. Projectivity of Lagrangian subvarieties. If F C X is a smooth 
Lagrangian subvariety, then by an argument of Voisin, Y is projective even 
if X is only Kahler, see [Cam06, Prop 2.1]. If y C X is a singular Lagrangian 
subvariety, it is natural to ask whether Y is still projective. Later on we will 
use that Y is an algebraic variety or more precisely, that Y = 2)^° for an 
algebraic variety 2). We have 

Lemma 4.3. Let i : be a complex Lagrangian subvariety in an 

irreducible symplectic manifold. There is a line bundle L on y such that 
ci (L) = i*X for some Kahler class A on X. 

Proof. Isomorphism classes of line bundles on Y are classified by the group 
H^{Y,Oy), see [GR77, Kap V, §3.2]. This cohomology group appears in 



14 



CHRISTIAN LEHN 



the commutative diagram 

... — ^hHy,o^) 



H\Y,Oy) 



Y) 



where the first Hne is the long exact sequence associated to the exponential 
sequence, see [GR77, Kap V, §2.4], and the right vertical column comes 
from the short exact sequence 

Of. Oy 0. 

Here we need that f]y = Oy- This is true, as Y is reduced, because then 
Y does not have embedded points. To obtain a holomorphic line bundle L 
on Y it is sufficient to find a class a G H'^iY^'L), such that the image in 
]Hl2(y,f2^) comes from U^{Y,fl^^). Such L will have ci(L) = a. 
Let Hx := im(i* : U^{X,n'x) U^iY^Vfy)) where i : F'-^X is the inclu- 
sion. From the spectral sequence for 0* we obtain maps 

H^{X, ^ M2(X, H^{X, C) 

i* 

H^{Y,nl) ^m^{Y,Q.'y) ^ H'^{Y,C) 

As Y is Lagrangian and by definition ily is torsion free we have i*a; = in 
H^{Y, Qy) where uj € H^{X, Q'j^) is the symplectic form on X. By Hodge- 
decomposition ]aP{X, ^ H^{X,C) = H'^''^{X)eH^'^X)eH°'^{X) and 
by Dolbeault's theorem H°{X,nj^) ^ H'^^^{X) we see that H'^^^{X) ^ Cuj 
maps to zero under i* . From the left square of the above diagram, we see 
that also the complex conjugate H^''^{X) = Cuj maps to zero, as the map 
H'^{X,C) i?2(y,C) is defined over M. Thus 

Hx = im(r : H^{X, C) lf{Y, O^)) 

(4.1) 

= im(r : H'^^\X) lf{Y, 0^)). 

Let Hx,R = im(i* : H'^{X,R) lf{Y,ni.)). The last description in 
(4.1) implies that i*{ICx) is open in Hx,r where ICx is the Kahler cone 
of X. Indeed, JCx is open in H^^^iX)^ = H^'^X) n H^iX,R) and the map 
H^'^{X) — > Hx is surjective. Therefore, also H^'^{X)^ — > Hx,m. is surjec- 
tive so that i*{ICx) is open in Hx,u- We show next that i*{lCx) meets the 
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image of {Y, Z) . Let us consider 

HxM = im(i* : H\X, Q) n^{Y, D'y)) C Hx- 

This is dense in i/x,R as Q) is dense in //^(X, M) and so it meets 

z*(/Cx), say in a' G -ffx,Q H i*{K,x)- Then a multiple a = m • a' is contained 
in im(i?2(x,Z) ]H2(y, il^)) n i*/Cx and we obtain a line bundle L on F 
with the desired property by using the exponential sequence as explained 
above. □ 

Remark 4.4. The only difference to Voisin's original proof is that we have to 
be careful with the fact that H'^iY, C) — > BI^(y, is not an isomorphism. 

Corollary 4.5. If y C X is a complex Lagrangian subvariety in an irre- 
ducible symplectic manifold, then y is a projective algebraic variety. 

Proof. By the preceding lemma, there is a line bundle L on y whose first 
Chern class is the restriction of some Kahler class of X. Then Y is projective 
by [GPR94, Chapter V, Corollary 4.5], see also [Gra62, 3, Satz 1 and Satz 2]. 

□ 

4.6. Deformations of Lagrangian subvarieties. Suppose g : X — > S 
is a deformation of an irreducible symplectic manifold X over S = Speci? 
for R S Artfc. The symplectic form on X extends to an everywhere 
non-degenerate section w S R^g^il'^^i^, as this module is free. 

Lemma 4.7. Let i -.Y ^X he a, simple normal crossing Lagrangian sub- 
variety, li I : y ^ X \s a, locally trivial deformation of i over S, then y is 
Lagrangian with respect to the symplectic form oj on X. 

Proof. Let / : y — > S be the locally trivial deformation of the normal- 
ization of y obtained from [Lcl2, Lemma 4.5]. Note that Y is projec- 
tive by Corollary 4.5, so Lemma [Lcl2, Lemma 4.5] can be applied. As Y 
has simple normal crossings, f o v : y — )• S is smooth and the restriction 
R^g^Q^lg ^ °' > R^f*^^!^ lias constant rank by [Lcl2, Prop. 4.18]. 
As rk(j* C) = on the central fiber, j* is identically zero and thus y is 
Lagrangian. □ 

Lemma 4.8. Let i -.Y X he a. locally complete intersection Lagrangian 
subvariety in an irreducible symplectic manifold X, let 5 = Speci2 where 
R G Arte and let 

(4.2) 3^^-^ X 
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be a locally trivial deformation of i over S. Then the symplectic form 
u! G R^g^^lj^^g induces a morphism between the exact sequences 

(4.3) X/X2 ^ (g) Oy %/5 

I 

-1 Iw' 

Ty,s T;^/S ® Oy Ny,x 0. 

Proof. Since oj is non-degenerate, the map : ^x/s — ^ '^x/s isomor- 
phism. This will induce the other morphisms in the diagram as explained 
below. The composition ip : X/X^ — J- Nyi^ = Hom(X/X^, Oy) is zero at 
smooth points. So M := iunp is torsion. But J' is a locally complete inter- 
section, so I/lP is locally free and by [MatSO, 16, Thm 30] the submodule 
M is zero. So the restriction of uj^^ to X/X^ factors through Ty/g. Once 
we have this, we obtain a morphism uj' : i^y/s — > ^y/X) ^ the first line of 

(4.3) is exact, by lifting sections to ^x/s ® Oy. □ 

Corollary 4.9. If in the situation of the preceding lemma the morphism 
f :y — > S \s smooth, then u gives an isomorphism to' : ^y/s — > ^y/x- 

Proof. As / is smooth, Xj,^^ = 0. So (4.3) gives a surjection w : ^y/s — > 
Nyix- As both ^yjs and ^yjx a-re locally free, the claim follows. □ 

Note that X/X^ — > "^y/S is not in general an isomorphism as ^y/s — ^ ^y/x 
might have a kernel. The following Proposition determines this kernel. 

Proposition 4.10. Let i : Y ^ X he a locally complete intersection La- 
grangian subvariety in an irreducible symplectic manifold X, let S" = Speci? 
where R G Arte and let / : 3^ ^ be a locally trivial deformation of i over 
S as in (4.2). Let uj' : ^ly/s — > ^y/x be as in (4.3) and let N'yi-^ be the 
equisingular normal sheaf defined in (1.5). Then the diagram 

(4.4) ay IS Ny/x 



^y/s - ^y/x 

can be completed and uj : ^y/s — > ^y/x isomorphism. The analogue 
is true in the analytic setting. 

Proof. As 3^ is a locally complete intersection, Ny/x is locally free, hence 
Cohen-Macaulay. Therefore it has no embedded primes by [MatSO, 16, Thm 
30], hence Ty^g maps to zero and uj exists. But as uj is an isomorphism at 
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smooth points of /, the support of kerw is contained in the singular locus 
of /, hence kerw C Ty^g and u is injective. Moreover, ^y/s maps onto 
keT:{Ny/x — ^ '^y/s^ (4-3), hence is identified with Ny^-^. All arguments 
are equally valid in the analytic category. □ 

4.11. The space Mi. Let i '.Y ^ X he the inclusion of a closed subvariety 
in an irreducible symplectic manifold. Then, as a consequence of [FK87], 
there is a universal deformation space Mi for locally trivial deformations of 
i, as a germ of complex spaces, see [Lcll, VI. 3]. The inclusion Y gives 
a point G Mj and X determines a point G M in the deformation space of 
X. By construction there is a forgetful morphism p : Mj — > M of complex 
spaces withp(O) = 0. Let Rx = Om,o and Ri = 0^/^,0 be the completions at 
and let : Rx — > Ri be the induced ring homomorphism. The following 
lemma is an immediate consequence of the universality of the deformations. 

Lemma 4.12. The algebras Ri and Rx prorepresent Df, Dx so that 

Df = BomiRi, •) and Dx = Bom{Rx, •) 

and the map of functors induces map : Rx — > Ri ■ 

4.13. The r^-lifting Principle. To prove smoothness of Mj at we will 
use Ran's T^-lifting principle [Ra92Def]. Ran's ideas were developed further 
by Kawamata [Kaw92, Kaw97]. The method works in two steps. 
The first step works for every prorepresentable deformation functor D, which 
has an obstruction space r2. Put An := k[t]/t''+^ and let An+i A„ be 
the canonical projection. To prove unobstructedness of D it suffices to show 
that the induced map D{An+i) — > D{An) is always surjective by Lemma 
1.5. However we want to replace this by a different criterion. Therefore 
we introduce the /c- algebras := An[e] and C„ := An[e]/et^. There are 
canonical projections C„ — > Bn-i and Bn — > Cn — > An- The last one is 
split by the inclusion An — > Bn- 

Lemma 4.14. Let Bn — > Cn be the canonical surjection. If the induced 
map D{Bn) — > D{Cn) is surjective, then D{An+i) — > D{An) is surjective. 

Proof. We have a morphism of small extensions in Art^: 

(4.5) (r+i) An+l An 

s s 

Y Y 

(et") Bn Cn 

where S{t) = t + e. The morphism {t"'^^) — > (et") is multiplication by n + 1 
and hence an isomorphism as char A; = 0. If we apply D to diagram (4.5), 
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we obtain 
(4.6) 



D{An+l] 
S 



5 

I 

D{Cn) 



n+l^ 



Since D{Bn) — > D{Cn) is surjective, D{Cn) — > T"^ (^^") is the zero map. 
The claim now follows by diagram chase. □ 

For an element ^„ G D{An) we denote by £,n\A„-i the image of ^„ under the 
canonical map D{An) — > D{An-i). Recall that D{Bn)^„ = f]^^{£,n) where 
(fiB ■ D{Bn) — > D{An) is the canonical map. 

Lemma 4.15. The morphism D(Bn) — > D{Cn) is surjective if for all ^„ S 

D{An) and in-i ■= '^nU,,-! the map 

between the fibers over ^„ and is surjective. 
Proof. To see this, we consider the diagram 
(4.7) D{Bn) D{Ar. 




D{Bn-l) 



where all morphisms are induced by the canonical projections, see section 
4.13. Let T] G D{Cn) be given and put := fciv) ^ D{An). The lower 
square is cocartesian, as D is prorepresentable and already the square of 
rings is cocartesian. Therefore the restriction of ip to the fiber D(Cn)^„ = 
'Pc^i^n) gives a bijection 



DiBn^lk^^, 



onto the fiber over ^n-i- By assumption, D{Bn)(„ — > D{Bn-i)^„_i is sur- 
jective. Hence, there is rj' G D{Bn)^„ with x(V) = V'(^); so r/' is a preimage 
of 7] and the claim follows. □ 



We summarize Lemma 1.5, Lemma 4.14 and Lemma 4.15 in 
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Lemma 4.16. Let D be a prorepresentable deformation functor, which has 
an obstruction space T^. Then D is unobstructed if for ah ^„ G D{An) and 
?n-i := CnU„_i the map 

is surjective. □ 

The second step of the T^-hfting principle is to actually prove surjectivity 
of the map D{Bn)^„ — > D{Bn-i)s,n-i and ^n-i as in Lemma 

4.16. This is not in general fulfilled and needs more input from the concrete 
geometric situation. We deduce this for D = Df from the fact that the 
sheaves Rg^fTj from (1.8) are locally free and compatible with base change. 
Consider a simple normal crossing Lagrangian subvariety i : y ^ X in an 
irreducible symplectic manifold X. Let S = SpecR for R E Arte and let 



S 



be a locally trivial deformation of i over S. Consider the long exact sequence 

(4.8) R^'g.Tj R^'g.Tx/s R^^N^^/x R'9*Ti . . . 

obtained from the sequence (1.6). The symplectic form gives an isomor- 
phism r:t^/5 — ^x/s- Lemma 4.7, y ^ X is Lagrangian and hence by 
Proposition 4.10 we have Ny^-^ = ^y/s- Moreover, the module R^g^:Qx/s 
is free and compatible with base change by [Lcl2, Theorem 4.13]. This gives 
R^g^Qx/s ^ = H^{X,Qx) = 0, where the last equality holds as X is 
irreducible symplectic. By Nakayama's Lemma this implies R^g^^Q-x/s — 0- 
Put together this gives the following long exact sequence 

(4.9) R'^fSly/s R^g*Tj R'g^x/s R^fMy/s • • • 

Lemma 4.17. Let i : y be a simple normal crossing Lagrangian sub- 
variety in an irreducible symplectic manifold and let / : 3^ ^ A' be a locally 
trivial deformation of i over S = Spec R where R G Arte. Then the modules 
R^g*Tj are free for all k and all morphisms in (4.9) have constant rank. In 
particular, all morphisms in (4.8) have constant rank. 

Proof. By Theorem [Lel2, Theorem 4.13] we know that R'^g^fO.x/s is free. 
By Corollary 4.5 we know that y is a projective variety, so Theorem [Lel2, 
Theorem 4,13] applies and R^f^Vtyis is free. Then by Theorem [Lei 2, 
Theorem 4.22] also the cokernel (and hence the kernel) of R^g^:Qx/s — ^ 
R'^ f*^y/s is free. So if we split the sequence (4.9) into pieces and use that 
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if — > F' — > F — > F" — > is exact and F' , F" are free, then so is F, we 
obtain freeness of R^g^^Ti for all /c. □ 

Thus, the T^-lifting principle may be applied. 

Theorem 4.18. Let Y he a Lagrangian simple normal crossing suhvariety. 
Then the complex space Mi is smooth at 0. 

Proof. We put D := Df and denote by An,Bn and C„, the algebras intro- 
duced in section 4.13. For ^„ G D{An) we put := CnU„_i- By Lemma 
4.16 the functor D is unobstructed if for all ^„ G D{An) the map 

is surjective. For a given class G D{An) take a deformation locally trivial 




of i over 5^ = SpecA„ representing Let : 3^„_iM-A'„_i be the 
restriction of in to Sn-i- Then by Lemma 1.10 the diagram 

Di{Bn)i„ Di{Bn-l)i„_i 

is commutative and the vertical maps are bijections. By Lemma 4.17 the 
module R^g^Ti^ is free and hence by [EGAIII, Prop 7.8.5] it is compatible 
with base change. This means that R^g^Ti^^_^ = R^g^^Ti^^ (^^^ An-i- Clearly, 
R^9*Ti„ — > R^g^Ti^ ®A„ An-i is surjective, which completes the proof. □ 

4.19. Definition and Smoothness of My. By Theorem 4.18, the canon- 
ical morphism p : {Mi,0) — > (M, 0) is just a holomorphic map between 
(germs of) complex manifolds, where := [i : Y ^ X] £ Mi and := [X] G 
M denote the distinguished points. We prove that its differential Dp has 
constant rank in a neighbourhood of 0. As an elementary consequence of 
the implicit function theorem, this implies that p is a submersion over its 
smooth image, see [Lcll, Lem VI.4.2] for details. 

Theorem 4.20. Let i : Y ^ X be a Lagrangian simple normal crossing 
suhvariety in an irreducible symplectic manifold X . Then there are open 
neighbourhoods U C Mi of £ Mi and V C M of e M such that My : = 
p{U) C V is a closed submanifold and p : U — > My is a smooth morphism. 
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Proof. By Theorem 4.18 and the Bogomolov-Tian-Todorov theorem we know 
that Mi and M are smooth at 0. By the imphcit function theorem we have 
to show that the differential Dp of p : Mi — > M has constant rank in a 
neighborhood of 0. This holds if the stalk of coker(p=K : Ta/. — > p*Tm) at 
is free. Freeness may be tested after completion, so we have to verify that 
P* '■ Tr^ — )■ has constant rank, where Rx = Om,o and Ri = OMi,o, 
compare to Lemma 4.12. By the local criterion for flatness [Scr06, Thm 
A. 5] this follows if 

(4.10) Tr^ (^r^ Ri/m^ Trx (S)Rx Ri/m^ 

has constant rank for all n. Let r] : Ri — > A be a C-algebra homomorphism 
corresponding to a locally trivial deformation 

9 

S 

of i over S = Spec A and let g : j4[e] — > Ahe given by e i— )• 0. Then 
Df{A[e]\ = }iom{Ri,A[e])^ = Derc(i?i, A) = RomR^{nR^/k, A) 
= Tr, ^R. a 

where Hom(i?j, A[e])^ = G Hom(i?j, A[e]) \ qo ip = j]}. Similarly, we find 
that Dx{A[e\)^ = Tr^ ^r^ A ioi i : Rx A. Now let A = /?i/mf , let 
r/ : Ri — > Ri/m^ be the canonical projection and let ^ = r/ o p# where : 
Rx — > Ri is the canonical map. Furthermore, we have Df{A[e])^ = R^g^Tj 
and Dx{A[e])(^ = R^g^T^/s by Lemma 1.10 and Lemma 1.7. Moreover, the 
map (4.10) is identified with R^g^^Tj — > R'^g^.T^/s from (4.8), which is of 
constant rank by Lemma 4.17. This completes the proof. □ 

5. Main results 

Let i : y X be the inclusion of a simple normal crossing Lagrangian 
subvariety in an irreducible symplectic manifold. We denote hy u -.Y — > Y 
the normalization and by j = i o v the composition. We will compare the 
space My = im(Mj — > M) as defined in Theorem 4.20 with the spaces My, 
Mj'yj and Mjyj from section 2. 

Lemma 5.1. Suppose Y has simple normal crossings. Then 

ker (j* : H^{Vtx) H^i^f)) = (f ■ H^Qx) H^ny)^ , 
where v : Y — > Y is the normalization. 
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Proof. As j* = V* o i* the inclusion D is obvious. For the other direction it 
suffices to show that v* is injective on imi*. By Corollary 4.5 the subvariety 
Y is projective, hence by [Dcl71, Dcl74] there is a functorial mixed Hodge 
structure on Hy '■= H^iY,C) for every k. We denote by F* the Hodge 
filtration on Hy and by W, the weight filtration on Hy- As a special case 
of [Lel2, Cor 4.16] we deduce that 

Let . . . Y^ ^ y be the canonical semi-simplicial resolution, see 

e.g. [Lel2, 4.8]. Note that Y = Y^. Consider the weight spectral sequence 
associated to the first graded objects of the Hodge filtration given by 

(5.1) El^' = H\Y\ n}yr) H'^+'iY, hi.) 

By [PS08, Thm 3.12 (3)] it degenerates on Er if the weight spectral se- 
quence degenerates at Er- But the latter is known to degenerate at £'2- 
The differential di : E^'^ — > E^'^ is given by 6 : H^^Qyo) — > i^^(r2yi) and 
degeneration at E2 tells us that 

Gi^Gv'pH^ = F'H^/iWiF'H^ + F^H^) = E^J = E^/ 
= ker {H^inyo) H^{nyi)) . 

In other words, as W2Gi:pH^ = GipH^ = F^(ily) there is an exact se- 
quence 

WiGr^pH^ H^{hy) H^{nyo) H^i^yi), 

so that kerz^* = WiGipHy. But ■= H'^{X,C) has pure weight two 
because X is smooth. In particular, WiGvpH^ = 0. Morphisms of mixed 
Hodge structures are strict with respect to both filtrations, so we have 

= i*{WiGT:],H]^) = imi* n WiGi:],H^ = imi* n ker i^* 

hence v* is injective on imi* and we deduce keri* = kerj* completing the 
proof. □ 

The following lemma generalizes [Vo92, Lem 2.3] to the normal crossing 
case. 

Lemma 5.2. Suppose Y has simple normal crossings. Then we have Ta/^ q = 
Tmy,o for the Zariski tangent spaces at G My n My. 

Proof. By Lemma 3.3 the tangent space of My at is 

Tm^^o = ker (j* o u' : H^X, Tx) ^ H\hy)) . 
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By Lemma 5.1 we have 

Tm^,0 = ker {f o u' : H\X,Tx) H^Qy)) , 

where Y — > Y is the normahzation. On the other hand, My is the smooth 
image of p : Mi — > M so that 

Tmy,o = im {P* ■ TMifl — ^ ^Af.o) 

= im [H\X,Ti) H\X,Tx)) 

= ker (h\X,Tx) ^ H\Y,N{./x: 

where the third equahty holds because the sequence (4.8) is exact. 
By (4.3) and Proposition 4.10 we have a commutative diagram 



A 



H\Y,nY) 



H\X,Tx)^^H\Y,N^^^) 
where the vertical maps are isomorphisms. This implies that 

TmyA = ker(a) = ker(a; o j* o J) = ker(j* o uj') = Tm^,o 
and completes the proof. 



□ 



Theorem 5.3. Let i -.Y ^ X be a simple normal crossing Lagrangian sub- 
variety in a compact irreducible symplectic manifold X , let v : Y — > Y be 
the normalization and denote j = i o v. Then My = My and this space is 
smooth at of codimension 

(5.2) codimM My = codimAf M^ = rk (j* : H^{X, C) H^{Y, I 
in M. 

Proof. Assume that Y = UjYi is a decomposition into irreducible compo- 
nents. In section 2.4 we defined the subspaces My, M'^y^ and M^y] of M 
associated to a Lagrangian subvariety y of X. We have 



(5.3) 



M{.^ 



ML 



Ml 



[y] 



f]M' 



where the vertical relations were observed in Remark 2.7, the horizontal 
equalities on the right were shown in Proposition 3.2 and the left lower 
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equality holds as Y has simple normal crossings by Corollary 3.5. As a 
consequence, we obtain the upper left inclusion. 

As a consequence of [Lcl2, Lemma 4.5] we have My C i^iMy^- As My- is 
smooth, in particular reduced, for each i, we have that My. C Mjy.j so that 

My Cfl My^ Cfl M[y^] =M^. 
i i 

Therefore, we find 

dim My < dim My < dimT/v//^ q = dimT/v/y,o 

where the last equality comes from Lemma 5.2. As My is smooth by The- 
orem 4.20, we have equality everywhere so that My = My. 
The statement about the codimension follows from the description (3.1) of 
the tangent space of My. □ 

Corollary 5.4. Let K := ker (^j* : H^{X,C) H^(X,C)), let q be the 
Beauville-Bogomolov quadratic form and consider the period domain 

Q := {a G F{H^{X, C)) | q{a) = 0, q{a + a) > 0} 

of X. Then the period map p : M — ^ Q identifies My with F{K)nQ locally 
at [X] £ M. 

Proof. As the period map identifies M with Q it suffices to show that 
p(My) = F{K) n Q. By [Huy99, 1.14], F{K) n Q is the locus where 
K-^ C H^{X, C) remains of type (1,1) and its codimension is dimX"*". Note 
that K-^ C H^'^{X) is defined over Z and therefore is spanned by the Chern 
classes of a collection of line bundles on X. By Lemma 4.7 the subspace K-^ 
remains of type (1, 1) over My. Hence p(My) C F{K) n Q. Moreover, we 
have 

codimg p(My) = codimM My = rk (^j* : H^{X, C) H'^{Y, C)) 
= b2iX) -dimK = dimR-^ 
= codimg F{K) n Q 
So both sets are equal. □ 

6. Applications to Lagrangian fibrations 

In this section we give some applications of Theorem 5.3 to Lagrangian 
fibrations. Our main goal is to determine codimM My. We show first that if 
we deform a fiber of a fibration then also the fibration deforms, see Lemma 
6.4. We also pose a number of interesting questions regarding singular fibers, 
which hopefully contribute to understanding Lagrangian fibrations. 
Recall the important 
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Theorem 6.1 (Matsushita). Let X he an irreducible symplectic manifold 
of dimension 2n. If B is a normal projective variety with < dimi? < 2n 
and f : X — > B is a surjective morphism with connected fibers, then: 
diuiB = n, —Kb is ample, the Picard number q{B) is one, f is equidi- 
mensional and every irreducible component of the reduction of a fiber is a 
Lagrangian subvariety. 

In particular, if B is smooth, then / is flat by equidimensionality, see e.g. 
[Eis95, Thm 18.16]. Here, a singular variety is said to be Lagrangian if its 
regular part is Lagrangian in the ordinary sense. Such / as in the theorem 
is called a Lagrangian fibration. The theorem was proven in a series of 
papers, see [Mat99, MatOO, MatOl, Mat03]. The holomorphic Liouville- 
Arnol'd theorem shows that every smooth fiber is a complex torus, thence 
singular fibers enter the focus. 

We want to apply Theorem 5.3 to singular fibers of Lagrangian fibrations. 
This would tell us, to where in M the fiber deforms as a subvariety. The 
following lemmas show that if the singular fiber deforms, then the fibration 
deforms and the deformation of the fiber remains vertical. 

Lemma 6.2. Suppose we are given a diagram 

1 F 

— ^ X — ^ p 




where S is an irreducible complex space, X — > S is a proper family of 
irreducible symplectic manifolds, y — > S" is a proper family of Lagrangian 
subvarieties and q and F are proper morphisms of complex spaces. Assume 
that for every s £ S the morphism Fs : Xg — > Pg obtained by base change 
is a Lagrangian fibration. If y — > S has connected fibers and if -F(3^o) is a 
point for some G S*, then also F{ys) is a point for all s G 5. 

Proof. By Theorem 6.1 a Lagrangian fibration is equidimensional. Then the 
Lemma is just a special case of the Rigidity Lemma [KM98, Lem 1.6]. □ 

6.3. Deforming fibrations. Let / : X — > B Lagrangian fibration and 
assume that B is projective. Matsushita showed in [Mat09, Prop 2.1] that 
there is a smooth hypersurface Mf C M with a relative Lagrangian fibration 
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extending / 




Mf 



where vr : X — > Mf is the restriction of the universal family to Mf and 
P — 7- Mf is a projective morphism. In particular, Ft : Xt — > Pt is a 
Lagrangian fibration and Fq = f. 

Let T be a smooth fiber of / and let Mt C M be as in Theorem 4.20. Then 
clearly, Mf C Mt- By Voisin's theorem, Mt is smooth of codimension equal 
to rk [i* : H'^{X,C) H'^{T,C)), where i : T--^X is the inclusion. This 
rank is certainly > 1, as the Kahler class restricts to a non-trivial element. 
We deduce that Mt = Mf is a smooth hypersurface in M. 
The following lemma tells us that if the reduced fiber is preserved as a 
subvariety, then also the fibration is preserved. 

Lemma 6.4. Let / : X — > B he a Lagrangian fibration, let t £ B and 
assume that Y = iXt)^.^^ is a simple normal crossing Lagrangian subvariety. 
Then we have My C Mf. Moreover, locally trivial deformations of y remain 
fiber components. 

Proof. By 6.3 it is sufficient to show My C Mt. Let Y = Uii^jYi be a 
decomposition into irreducible components. By [Lcl2, Lemma 4.5], we have 
My C rijMjy.] and by Proposition 3.2 also My C PljMjyj. But for a smooth 
fiber T of / we have riilYj] = [T] and so 

where the first two relations follow directly from Definition 2.6, the third 
equality is Voisin's theorem. Put together this gives My C Mt = Mf. The 
last claim follows from Lemma 6.2. □ 

6.5. Codimension estimates. Let X be an irreducible symplectic mani- 
fold and let / : X — > be a Lagrangian fibration. In view of [Hwa08, Thm 
1.2], it seems reasonable to assume to be the base of the fibration. We 
put Y = (^t)j,g(j for t G D := {t € : Xt is singular}. The analytic subset 
D is called the discriminant locus of /. We know by [Hwa08, Prop 4.1] and 
[HO09, Prop 3.1] that D is nonempty and of pure codimension one. 
Let M be the universal deformation space of X and My for its subspace from 
Theorem 5.3. Determining codimjvf My is interesting for several reasons. 
For example, there are several results assuming the general singular fibers 
to be of a special kind, see [HOlO], [SawOSb], [SawOSa], [Thi08]. If we knew 
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that complicated general singular fibers only show up in higher codimension 
in M, we could always deform to such special situations. 
Let Dq 9 t be an irreducible component of D and let Xq := X xb Dq = 
f^^{Do). Let Y = UifzjYi and Xq = Uj^jXj be decompositions into irre- 
ducible components and consider the surjective map j : I — > J mapping 
i £ I to the unique j = G J with C Xj. 

I am very grateful to Keiji Oguiso for explaining the following lemma. 

Lemma 6.6. Let / : X — > P" be a Lagrangian fibration of a projective 
irreducible symplectic manifold X. Let Xq = Ujgj -^j where J = {1, . . . , r} 
and let i : y = (Xt)^^^ ^ X ior t £ Dq C P" be the reduction of a general 
singular fiber contained in Xq. Then 

rk(f :H\X,C)^H\Y,C)) >r, 



where ly : Y — > Y is the normalization and j = u o i. More precisely, the 
subspace of H'^{X, C) generated by the classes of the divisors Xj maps onto 
a subspace of of dimension > r — 1 not containing the class of the ample 
divisor. 

Proof. If we take a general line £ C P", then the fiber product X^ = X xpn i 
is smooth by Kleiman's theorem [Klc74, 2. Thm]. As t G Do is general, 
there is such a line with t G i. Let H he a very ample divisor on X and let 
Hi, ... , Hn-i G l-ff I be general. Then the intersection S = Xp r\ Hi r\ . . . r\ 
Hn-i is a smooth surface by Bertini's theorem. By construction it comes 
with a morphism g : S — >• P^ = i. 
Consider the diagram 

(6.1) H^{X,C) H^{Y,C) 



BY 



H\S,C) H^{F,C) 

where F = Y D Hi n . . . H Hn-i C S and F — > F is the normalization. 
Note that Y is smooth by [HO09, Thm 1.3] and F is smooth, as F is a 
curve. Let Y = Ui=i ^^'^ ^ — Ua=i -^a be decompositions into irreducible 
components where s = #1. We put F{i) := YiHHin. . .nHn-i = UagA^ -^Aj 
where Aj C A := {1, . . . ,q} is the subset of all A such that Fx C Yi. If the 
-fTfc are general enough, the irreducible components Fx of F(i) are mutually 
distinct for all i. In other words, A is the disjoint union of the Aj. Indeed, 
one only has to verify that no irreducible component of l^nl^ni^i . . .nH^^i 
is contained in H^ for all i, j, and k. 
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We will show that the subspace V C H'^{X,C) spanned by the Xj and H 
maps surjectively onto an r-dimensional subspace in H'^{F,C). This would 
imply the claim by diagram (6.1). 

Let Uj G N be the multiplicity of Xq = /^^{Dq) along Xj. Then 

Xo = ^ UjXj and Xt = "^jiiy^i 
j i 

as cycles, where as above is the unique j £ J with Yi C Xj. Recall that 

A = Aj is a disjoint union. So n\ := nj(j) for A G Aj is well-defined and 

we have F = Y.\ rixFx. As F = ULi -^A we obtain F = \Jl^^ Fx where Fa 

is the normalization of Fx- Thus, 

_ g _ 

H^{F, C) ^ H'^iFx, C) ^ O. 

A=l 

If we denote the intersection pairing on by (•, •)5', then under this isomor- 
phism j* : H'^{S, C) H'^{F, C) is given by 

a ^ {{a,Fi)s, {a,Fq)s) ■ 

Let {xA I A G A} C H'^{F,€.y be the dual basis of the basis of H'^{F,C) 
obtained corresponding to the standard basis of C = H^{F, C). By Zariski's 
Lemma [BHPV, Ch III, Lem 8.2] the subspace W C H'^{S,C) spanned by 
the classes of the Fx maps surjectively to the hyperplane of given by 
XIa'^a^Ja = 0, So the subspace of H'^{S,C) spanned by the classes of the 
Fa and H\s maps surjectively onto C. We have QYij*Xj) = jgg{Xj) = 
[{g{Xj), Fx)g) . As the Aj are mutually disjoint, so are the Aj := IJj(j)=j ^i- 
We see from {Q{Xj), Fx)g = Z^^eAj (-^M' -^a)5 that the subspace of H'^{X, C) 
generated by the Xj surjects onto a subspace of C of dimension > r — 1. 
The claim follows as the image of V does not contain jg{H\s). □ 

For K C I let Yk ■= [JieK^i ^^i^ l^t vk ■= \ i G K}\. We obviously 

have tk < rj = r. 

Corollary 6.7. With the notation above, 
codim My > r 

codim My^ > and > + 1 if Yk ^ Y. 

Proof. This follows from Theorem 5.3 and Lemma 6.6. For the last state- 
ment one uses that by Zariski's Lemma the map from the proof of Lemma 
6.6 is surjective if Yk i^Y . □ 

In view of Lemma 6.6 it seems that the codimension of My is rather influ- 
enced by the number of irreducible components of Xq = /^^{Dq) than by 
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the number of irreducible components of Y. Thus, a very interesting and 
important question is the following 

Question 6.8. Let Y = Uig/l^ and Xq = Uj^jXj as in the beginning of 
section 6.5. Is then = 7^ J? Do we always have codim^ My = for 
simple normal crossing Y7 

There is no obvious reason, why these numbers should be equal, but in all 
examples we know they are equal. 

6.9. Vista. As our main results are built from many pieces, there is ob- 
viously ample space for generalizations. First of all. Theorem 5.3 should 
be true literally for normal crossing singularities. We can proof this in all 
relevant examples, see for instance Example 6.10 below and [Lcll] for more 
details. 

Example 6.10. Let y be a normal crossing variety, which is obtained 
by identifying two disjoint sections of a P'^-bundle over an abelian vari- 
ety, possibly along a translation. If y is a Lagrangian subvariety of an 
irreducible symplectic manifold X one can prove the analogues of Theo- 
rem 4.18, Theorem 4.20 and Theorem 5.3 . In particular, codim^f My = 
rk {H'^{X,C) H^{Z,C)), see [Lcll, Example VII.2.4]. 
Indeed, such varieties show up as singular fibers of Lagrangian fibrations on 
irreducible symplectic manifolds, see [Bca99, 1.2] or [SawOSb, 2.]. There- 
fore, they persist whenever a smooth fiber persists, as My = Af[y] and [Y] 
coincides with the class of a smooth fiber. In particular, codimjv/ My = 1. 

This example leads directily to the task of determining the singular fibers, 
that show up generically in the moduli space. We pose 

Question 6.11. For which of the general singular fibers Y of Hwang-Oguiso 
[HO09] is codim^f My = 1? Note that as codimMj = 1 and as there are 
always singular fibers, there have to be fibers with this property. 

In the case of K3 surfaces, the situation becomes easier. For elliptic K3 

surfaces it was shown in [Lell, Thm VII. 3. 8] that codim My is equal to 

the number = ^ J of irreducible components of the reduced fiber, if the 

latter has normal crossings, and codim My > in all other cases. 

Our results will definitely not carry over literally to all kinds of singularities. 

For example, for a cuspidal rational curve y in a K3 surface we have My C 

M{.. 
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